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1 Introduction

In most scientific fields, computer simulations have replaced expensive experimen-
tation. This evolution required the design of complex models to describe the objects
and their interactions. However, no matter how elaborate the model is, someone
always has to manipulate these objects, and it has to be intuitive. B-splines were
developed in this perspective, to create and handle smooth objects. The challenge
was to describe these objects using a small amount of information: a set of points.
Based on this information, a smooth surface can be defined, locally influenced by
the points. These control points make up the interface with the user. Subdivision
schemes allowed the efficient computation of B-splines. They rapidly became a stan-
dard in the field of computer graphics, and no recent 3D animation movie would
have been done without this tool. The main objective of this training period was
to try and extend this model using a fascinating tiling invented by Roger Penrose.
This tiling is used to describe how the control points are organised, and how the
surface is built from them.

A first preliminary description of the subdivision surfaces model and of the prop-
erties of a Penrose tiling is given in section 2. Based on the properties of the tiling,
we study in section 3 a first simpler and similar tiling called the Fibonacci tiling.
From this study, a model to generalise its results, and describe a whole class of
subdivision schemes is introduced in section 4. Finally, a first attempt to handle
the Penrose tiling is made in section 5, using a well known variety of subdivision
schemes called Box splines.

This project was started during a first training period in 2007 in the LIGUM
(Montreal) directed by Victor Ostromoukhov. As the collaboration went on, Cédric
Gérot accepted to join the project and to be in charge of a second training period
on the subject, in the GIPSA lab (Grenoble), with the co-direction of Annick Mon-
tanvert. I also would like to thank Neil Stewart from the LIGUM for his investment
and advice, and Bruno Lévy from the INRIA Lorraine for his interest.
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2 Preliminaries

2.1 Subdivision schemes

2.1.1 Main objectives

Figure 1: Utah teapot cre-
ated by Martin Newell

To understand the motivations for creating subdivi-
sion schemes, one must before understand splines. These
objects were designed to create smooth piecewise poly-
nomial curves locally and intuitively controlled by a set
of points. This method easily extends to 2D with a ten-
sor product, this generalisation generates surfaces with
a global uv parametrisation. With this tool, the first
smooth 3D objects appeared like the very famous Utah
teapot on Figure 1. This model is made of 32 differ-
ent spline pieces. However, objects created using spline pieces show artifacts at
the joints between the pieces. This is where subdivision schemes appear, to create
smooth curves, intuitively and locally influenced by a control polyhedron of any
gender.

A subdivision scheme is a recursive refinement process on a mesh, converging to a
smooth surface. Each subdivision step first applies a topological subdivision, which
introduces new vertices, edges and faces into the mesh, and defines the connectivity
between these elements. Then a smoothing step defines the positions of the new
vertices from those of the previous ones. An example of this process is given in
Figure 2. This interest of this method not only lies in the generation of a smooth
curve, but also in the automatic refinement of the mesh. Indeed, to create very
detailed models, a very dense mesh is needed, which might be tedious to create. With
this process, an artist can define a coarse version of his mesh, then automatically
refine it, and add modifications on the detailed mesh where it is needed.

2.1.2 Features of a subdivision scheme

Extraordinary vertices A subdivision scheme is based on a particular tiling of
the plane. When the control polygon conforms to this tiling, its vertices are con-
sidered as ordinary vertices. However, most control polygons cannot be completely
tiled using this tiling. Therefore, the vertices where the tiling is violated are called
extraordinary vertices. Handling these vertices is the real strength of subdivision
schemes over tensor product splines. An example of an irregular vertex can be seen
on Figure 2, at the top of the nose. A subdivision scheme only introduces ordinary
vertices during the topological subdivision step.

Convergence The smoothing step has to be carefully defined so that the sequence
of subdivided meshes converges to a limit surface. Subdivision schemes are often
based on a spline, which defines the limit surface on the regular part of the mesh.
However, this condition is not required as in corner cutting algorithms [8]
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(a) Initial mesh defined by the artist

(b) Refined mesh after two subdivision steps

(c) Rendered object

Figure 2: An object described using Catmull-Clark subdivision scheme, with texture
and bump mapping

Smoothness Once the convergence is granted, the subdivision scheme has to en-
sure the of smoothness of the limit surface. As before, on the regular part of the
mesh, the limit spline defines the smoothness of the scheme. However, the analysis
of the limit surface at extraordinary vertices is a tough problem. The subdivision
extends the ordinary areas of the mesh, and shrinks the extraordinary vertices.
Roughly, the discrete curvature of the surface can be linked with the extraordinary
vertices. A flat surface has none, and the subdivision process tends to extend the
ordinary areas. The extraordinary vertices can be seen as singularities concentrating
the curvature of the surface.

Local subdivision Most subdivision schemes subdivide uniformly the mesh. How-
ever, an interesting feature is the ability to perform a local subdivision. Indeed,
sometimes the details of a surface are not uniformly spread, and this would allow to
refine portions of the mesh while leaving others untouched.

Growth Each subdivision step adds more geometry, which leads to an exponential
growth of the mesh data. A scheme growing slowly can be of particular interest for
multiresolution and mesh compression purposes.

Adviser : Cédric Gérot 8
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2.1.3 Formal definitions
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Figure 3: Quadratic B-
spline. The parametric
space is R and the embed-
ding space is R2 The knot
values are given over green
and the control points over
blue. Two different con-
trol points are given for the
knot t = 2, showing its in-
fluence on the curve. As
you can see, the modifica-
tion only affects three poly-
nomial pieces of the curve,
due to the basis function
given in Figure 4

To understand splines and subdivision schemes, some notions have to be intro-
duced. An example illustrates these notions on Figure 3. At first, all the curves and
surfaces are defined parametrically. Therefore, there exist two distinct spaces:

• the parametric space, which corresponds the intrinsic dimensionality of the
object. A curve is a one dimensional object with parametric space R. A surface
is two dimensional, but its topology often prevents a global parametrisation.
However, the definition of a surface states that it is locally homeomorphic to
a disc, which allows local parametrisation.

• the embedding space or spline space, which corresponds to the represen-
tation of the surface. Indeed, even if a curve is a one dimensional object, its
representation often needs a higher dimension, as for helices for instance which
are embedded in R3. This is more obvious in the case of surfaces, like spheres,
which are always embedded in R3

From now on, let us assume that the parametric space is Rr and the embedding
space Rs. With this formalism, the curve or surface can be defined as a map from
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the parametric space into the embedding space:

S : Rr 7→ Rs

The purpose of splines and subdivision is to control locally the curve or surface
with a set of control points {vi}m0

i=0 ∈ Rs. These points belong to the embedding
space. To shift the influence of these points in parametric space,they are associated
with a set of knot {ti}m0

i=0 ∈ Rr. Finally, each point of the curve is defined as a
weighted sum of the control points:

S(t) =

m0∑
i=0

Bi(t− ti)vi (2.1)

where Bi : Rr 7→ Rs is a basis function used to define the influence of a control
point. An example is given on Figure 4. The basis function is here indexed with the
knot, since in the following sections, it depends on the knot configurations. Usually,
a single basis function is used, but in the case of splines on knots non uniformly
spread, this is not possible. In the case of a subdivision scheme, this definition only
applies on the ordinary parts of the mesh.

Figure 4: Basis function for a quadratic
uniform B-spline. The curve colors cor-
respond to the polynomial pieces, of de-
gree 2 in this case. The bounded sup-
port ensures a local control

1

1
t

influence

The basis functions must form a partition of unity, by respecting the relation:

∀t ∈ R summ0
k=0Bk(t− tk) = 1

This means that any point of the spline is a weighted combination of the control
points, and that the sum of the weights is one. This property is known as the affine
invariance, which ensures that is the control points are transformed using an affine
map, the spline is transformed using the same map.

2.1.4 Basis functions and subdivision

The subdivision process is a decomposition of the basis functions as a sum of a
set of basis functions applied on an other set of knots (τk)

m1
k=0. During the subdi-

vision process, if a control point vk influences the position of a set of new control
points (µl)

pk
l=0 corresponding to knots (τl)

pk
l=0, it means that the basis function Bk is

decomposed into a weighted sum of basis functions applied on the knots (τl)
pk
l=0:

Bk(t− tk) =

pk∑
l=0

Bl(t− τl)αkl

Adviser : Cédric Gérot 10
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The spline curve can therefore be rewritten, by replacing each Bk by its decom-
position, and then grouping the terms corresponding to the same knots. The curve
stays the same, but the set of control points is then (µl)

m′

l=0:

S(t) =

m1∑
l=0

Bl(t− τl)

(
pl∑
k=0

αkl vk

)

Finally, an identification gives the position of the new control points corresponding
to the knots:

µl =

pl∑
k=0

αkl vk

Given an original knot tk, the set of coefficients{αkl }
pk
l=0 is called the subdivision

mask, Given the new knot τl,the set of coefficients {αkl }
pl
k=0 is the subdivision stencil.

As previously, to respect the affine invariance, the weights of a stencil have to sum
to one. From these values, it becomes possible to build an other control mesh such
that the spline remains identical. A subdivision scheme decomposes the set of basis
functions on scaled versions of themselves, hence the recursive refinement process.

2.2 Penrose tiling

2.2.1 Topological subdivision of a Penrose tiling

(a) kite and dart configuration (b) rhombus configuration

Figure 5: Penrose tilings

In a subdivision scheme, the tiling corresponds to the knots. Once a set of basis
functions respecting the partition of unity with the given set of knots is built, if these
basis functions can be decomposed as previously described, a subdivision scheme is
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built. The topological subdivision of the mesh corresponds to the insertion of new
knots. This topological subdivision maps the tiling on a refined version of itself.
Most of the subdivision schemes are defined on a regular quadrangular or triangular
tiling of the plane. Indeed they can easily be subdivided into a refined version of
themselves, using bisection for instance. However, these tilings are not the only ones
which can be subdivided in this way. An other example is the Penrose tiling shown
on Figure 5.

1

1
ϕ

1
ϕ

11

Figure 6: Fat (red) and thin
(green) golden triangles

The Penrose tiling [27] is well known in the field of
quasi crystallography, because of its aperiodicity and its
five fold rotational symmetry. Basically, there exists two
representations of such a tiling, namely the kite an darts
form and the rhombus form. Both representations use
two different tiles. The interesting point in our case is
that a very simple set of subdivision rules can be used to
subdivide a Penrose tiling in the rhombus form into one
in the kite and dart form, and vice versa. These rules are

depicted on Figure 7. To ease the expression of the rules, the tiles are split in pairs
of golden triangles shown on Figure 6, based on the golden ratio:

ϕ =
1 +
√

5

2

(a) Original tiles

(b) Subdivided tiles

(c) One subdivision step

Figure 7: Topological subdivision rules of a Penrose tiling

2.2.2 Interest and differences

As for all the tilings of the plane, a Penrose tiling cannot tile any manifold without
extraordinary vertices. The notion of extraordinary vertices itself is very different
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from what is usually assumed. Indeed, an ordinary vertex cannot be characterised
only by its valence, since the valences of the vertices of the tiling range from four to
ten, following a scheme described on Figure 8. This specific notion of extraordinary
vertices cannot be handled by the usual methods used to analyse the behaviour of a
subdivision scheme near extraordinary vertices, which rely on a notion of subdivision
matrix. The subdivision matrix can only be defined if the direct neighbourhood of
a vertex always has the same shape.

Figure 8: Evolution of the neighbourhood of the vertices of a Penrose tiling through
subdivision from their insertion

Moreover, the tiling is aperiodic, which means that it cannot be invariant by any
translation, but any finite configuration of connected tiles can be found infinitely
many times. The modification of an original mesh to enable a subdivision according
to the Penrose rules are quite simple, but produces a lot of extraordinary vertices.
It was done during the previous internship on the subject [24]. Figure 9 shows an
example of a cube topologically subdivided as a Penrose tiling. Moreover, even
if a torus or a cylinder can be tiled with a regular tiling of the plane without
extraordinary vertices, the aperiodicity prevents a Penrose tiling to tile naturally
these surfaces.

Figure 9: Modification of
an initial mesh to han-
dle Penrose subdivision.
A new vertex is added
at the center of each face
and each edge

Adviser : Cédric Gérot 13
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Despite these drawbacks, the tiling also has its advantages. Indeed, at first, these
differences are a very interesting case for study. For data interpolation purposes,
irregular schemes are currently actively studied, and the Penrose tiling has nice
sampling properties, described in [25]. Moreover, the growth of this subdivision is
ϕ which is slower than any existing algorithm.

3 One dimensional subdivision of a Fibonacci tiling

A first step towards the creation of a subdivision scheme on a Penrose tiling is
to study a simpler one dimensional tiling, called the Fibonacci tiling. Indeed, both
tilings use two different tiles S and L and subdivide with the rules L→ SL, S → L.
In the case of a Penrose tiling, these tiles are the two golden triangles, whereas in
the Fibonacci case, these tiles are the segments of lengths 1 and ϕ. An other link
between these two tilings is the Ammann pentagrid shown on Figure 10, whose line
spacing respects the Fibonacci tiling, and which can be used to generate a Penrose
tiling [4].

As for most subdivision schemes, our subdivision scheme is based on a spline.
However the knots of the Fibonacci tiling are non uniformly spread. COnsequently,
we build a non uniform spline. Finally we design a subdivision scheme converging
to this non uniform B-spline.

Figure 10: A simple decoration of the tiles of a rhombic Penrose tiling exhibits an
Ammann pentagrid; images from Laura Effinger-Dean [21]

3.1 Non uniform B-splines

In the case of uniform B-splines, the knots are uniformly spread. However, non
uniform B-splines can be built without this constraint. The result is that the knots
can be densely distributed where they are needed for complex curves, and sparsely
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if the desired curve is simple. A blending algorithm is used to create the necessary
basis functions, which takes into account the intervals of unequal lengths between
knots. If a control point vk corresponds to the knot tk, and controls the curve with
a c continuous basis function Bk,c, the algorithm starts with step functions:

Bk,0(t) =

{
1 if tk ≤ x < tk+1

0 otherwise

To extend the continuity, the functions are blended with the relation from de Boor
[9]:

Bk,c(t) =
t− tk

tk+c − tk
Bk,c−1(t) +

tk+c+1 − t
tk+c+1 − tk

Bk+1,c−1(t)

This process defines the set of necessary basis functions, based on the interval
lengths between the knots.It is also possible to add and to remove control points us-
ing Boehm’s knot insertion algorithm [3], and many current articles discuss methods
to build non-uniform subdivision algorithms with these splines [5, 17, 31]

3.2 Basis functions for a Fibonacci tiling

3.2.1 Non uniform B-spline on a Fibonacci tiling

A fibonacci tiling has two different intervals: L and S of lengths 1 and 1
ϕ

where ϕ
is the golden ratio. It can be generated with a simple grammatical rule subdividing
each long segment L into two parts according to the golden ratio, and considering
former short intervals as new long intervals:

S 7→ L

L 7→ S L

These intervals are those we used to create the basis functions. It is easy to
prove inductively that sequences of more than one S interval cannot appear, and
sequences of more than two L intervals neither, if we state that our tiling is the
result of such a subdivision on an other LS tiling. The name comes from the fact
that the growth of the tiling through subdivision follows a Fibonacci rule. Starting
from a single S interval, the amount of S and L intervals through subdivision are
successive numbers of the Fibonacci sequence.

The basis functions are labelled with the intervals they cover. Their continuity
implicitly comes from the number of intervals of the sequence. A basis function on i
intervals is i− 1 continuous. A set of control points (vk)

m0
k=0 is given as input, and a

set of corresponding knots (tk)
m
k=0 is given in parametric space, with intervals lengths

between these knots in accordance with the Fibonacci tiling. The one dimensional
problem is the only one considered throughout this section, therefore the knots are
values in R. For a given knot tk, the basis function Bk used to define its influence
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Figure 11: Non uniform ba-
sis function for a spline on
a Fibonacci tiling. This
function defines the influ-
ence of a control point with
a sequence of intervals SLL
starting at the correspond-
ing knot 1 ϕ ϕ

t

BSLL(t)

is chosen according to the sequence of interval lengths starting at the knot. For
instance, if the basis functions are defined on three intervals, the basis function used
for a knot tk corresponds to the sequence of lengths |tk+i− tk+i+1| with i ∈ {0, 1, 2}.
As for uniform B-splines, the number of intervals needed is directly proportional to
the desired continuity of the curve. An example of a non uniform B-spline basis
function is given on Figure 11

3.2.2 From basis functions to a subdivision scheme

Once the basis functions on the Fibonacci tiling are defined, the interesting task
is to determine whether there exists a decomposition of these functions on scaled
versions of themselves. The constructions of this decomposition starts with the step
functions on an S interval and on an L interval:

BS(x) = B(x)

BL(x) = B( x
ϕ

)

The relation between a Fibonacci tiling and its subdivided version is the ratio 1
ϕ

defining the lengths of new S and L intervals from the ones of the subdivided tiling.
The subdivision of the basis functions is therefore:

BS( x
ϕ

) = BL(x)

BL( x
ϕ

) = BS(x) +BL(x− 1)

From this, it is now possible to extend the continuity in building basis functions
on two intervals. Note that the subdivision works for sequences of intervals not even
compatible with a Fibonacci tiling, SS in this case. To build these functions, we
simply use the construction rules of non uniform B-splines basis functions.

BSL(x) = xBS(x) +
1 + ϕ− x

ϕ
BL(x− 1)

BLS(x) =
x

ϕ
BL(x) + (1 + ϕ− x)BS(x− ϕ)

BLL(x) =
x

ϕ
BL(x) +

2ϕ− x
ϕ

BL(x− ϕ)

BSS(x) = xBS(x) + (2− x)BS(x− 1)
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These basis functions are simply hat functions, and the spline created by a control
mesh is C0 and correspond to the polygonal line defined by the control points.
As before it is possible to define a subdivision of these basis functions, simply by
developing, using the previous subdivision rules, and replacing. Thanks to the
binomial relation on ϕ it is always possible to express polynomials in ϕ as monomials
in ϕ. The subdivision is also shown graphically on Figure 12

BSL( x
ϕ

) = BLS(x) + (ϕ− 1)BSL(x− ϕ)

BLS( x
ϕ

) = (2− ϕ)BSL(x) +BLL(x− 1)

BLL( x
ϕ

) = (2− ϕ)BSL(x) +BLS(x− 1) + (ϕ− 1)BSL(x− ϕ− 1)

BSS( x
ϕ

) = BLL(x)

Something worth mentioning is that the subdivision is obviously not unique, since
for instance BLL could also be decomposed using BSL, BLL and BLS. The subdivi-
sion here is chosen so that it matches the production rules of the Fibonacci tiling. A
more general subdivision process could be described with one more rule, L 7→ LS,
and a criterion to know whether an L interval should be decomposed using the first
or the second rule.

The decomposition is also possible for C1 basis functions. Their expression is
again deduced from those of the C0 basis functions with the blending algorithm.

BSLL(x) =
x

ϕ2
BSL(x) +

2ϕ+ 1− x
2ϕ

BLL(x− 1)

BSLS(x) =
x

ϕ2
BSL(x) +

ϕ+ 2− x
ϕ2

BLS(x− 1)

BLLS(x) =
x

2ϕ
BLL(x) +

2ϕ+ 1− x
ϕ2

BLS(x− ϕ)

BLSL(x) =
x

ϕ2
BLS(x) +

2ϕ+ 1− x
ϕ2

BSL(x− ϕ)

BLLL(x) =
x

2ϕ
BLL(x) +

3ϕ− x
2ϕ

BLL(x− ϕ)

BSSL(x) =
x

2
BSS(x) +

ϕ+ 2− x
ϕ2

BSL(x− 1)

BLSS(x) =
x

ϕ2
BLS(x) +

ϕ+ 2− x
2

BSS(x− ϕ)

BSSS(x) =
x

2
BSS(x) +

3− x
2

BSS(x)

As the computations always follow the same process, the decomposition of BSLL

is the only one detailed and the other masks are given directly. Notice that again
the subdivision works on any LS tiling and not only on Fibonacci ones.
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Figure 12: Subdivision of C0 basis functions
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BSLL( x
ϕ

) = (ϕ− 1)BLSL(x) +
ϕ

2
BSLS(x− ϕ) +

ϕ− 1

2
BLSL(x− ϕ− 1)

BSLS( x
ϕ

) = (ϕ− 1)BLSL(x) + (4− 2ϕ)BSLL(x− ϕ)

BLLS( x
ϕ

) =
2− ϕ

2
BSLS(x) +

3− ϕ
2

BLSL(x− 1) + (4− 2ϕ)BSLL(x− ϕ− 1)

BLSL( x
ϕ

) = (2ϕ− 3)BSLL(x) +BLLS(x− 1) + (2− ϕ)BLSL(x− ϕ− 1)

BLLL( x
ϕ

) =
2− ϕ

2
BSLS(x) +

3− ϕ
2

BLSL(s− 1) +
ϕ

2
BSLS(x−ϕ−1) +

ϕ− 1

2
BLSL(x− 2− ϕ)

BSSL( x
ϕ

) = BLLS(x) + (2− ϕ)BLSL(x− ϕ)

BLSS( x
ϕ

) = (2ϕ− 3)BSLL(x) +BLLL(x− 1)

BSSS( x
ϕ

) = BLLL(x)

BSLL( x
ϕ ) =

x

ϕ3
BSL( x

ϕ ) +
ϕ(2ϕ+ 1)− x

2ϕ2
BLL(x−ϕ

ϕ )

=
x

ϕ3

(
BLS(x) + (ϕ− 1)BSL(x− ϕ)

)
+

3ϕ+ 2− x
2ϕ2

(
(2− ϕ)BSL(x− ϕ) +BLS(x− ϕ− 1) + (ϕ− 1)BSL(x− 2ϕ− 1)

)
=

1
ϕ

x

ϕ2
BLS(x) +

(ϕ− 1)x
ϕ3

BSL(x− ϕ) +
(2− ϕ)(3ϕ+ 2− x)

2ϕ2
BSL(x− ϕ) + · · ·

= (ϕ− 1)

(
BLSL(x)− 2ϕ+ 1− x

ϕ2
BSL(x− ϕ)

)
+

(ϕ− 1)x
ϕ3

BSL(x− ϕ)

+
ϕ+ 1− (2− ϕ)x

2ϕ2
BSL(x− ϕ) + · · ·

= (ϕ− 1)BLSL(x) +
ϕx− ϕ− 1

2ϕ2
BSL(x− ϕ) +

3ϕ+ 2− x
2ϕ2

BLS(x− ϕ− 1) + · · ·

= · · ·+ ϕ

2
x− ϕ
ϕ2

BSL(x− ϕ) +
3ϕ+ 2− x

2ϕ2
BLS(x− ϕ− 1) + · · ·

= · · ·+ ϕ

2

(
BSLS(x− ϕ)− ϕ+ 2− (x− ϕ)

ϕ2
BLS(x− ϕ− 1)

)

+
3ϕ+ 2− x

2ϕ2
BLS(x− ϕ− 1) + · · ·

= · · ·+ ϕ

2
BSLS(x− ϕ) +

x(ϕ− 1)− ϕ
2ϕ2

BLS(x− ϕ− 1) +
(ϕ− 1)(3ϕ+ 2− x)

2ϕ2
BSL(x− 2ϕ− 1)

= · · ·+ ϕ− 1
2

(x− ϕ− 1)
ϕ2

BLS(x− ϕ− 1) +
ϕ− 1

2
2ϕ+ 1− (x− ϕ− 1)

ϕ2
BSL(x− ϕ− 1− ϕ)

= (ϕ− 1)BLSL(x) +
ϕ

2
BSLS(x− ϕ) +

ϕ− 1
2

BLSL(x− ϕ− 1)

The subdivision mask can be directly derived from these decompositions as previ-
ously described in subsubsection 2.1.4. A control point of the original control mesh
has to be tagged with the basis function corresponding to it, and the new control
points depend on this tag. The notation of the mask is quite simple. A control
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point of the original mesh can influence three kinds of points, namely points on his
left, meaning that the influence is shared with the original control point on its left,
points on his right, and itself in case the point is kept in place for the next control
mesh. The subdivision mask is given in Figure 13.

SLLLSL SLS LSL

ϕ− 1
ϕ

2

ϕ− 1

2

SLSLSL SLL

ϕ− 1

4− 2ϕ

LLSSLSLSL SLL

3− ϕ
2

2− ϕ
2

4− 2ϕ
LSL

LLS
SLL LSL

2ϕ− 3

1

2− ϕ

LLLSLSLSL SLS LSL

3− ϕ
2

2− ϕ
2

ϕ

2

ϕ− 1

2

SSL

LLS
LSL

2− ϕ

1

LSS

LLL
SLL

2ϕ− 3

1

SSS

LLL

1

original points

new points

Figure 13: Subdivision masks for the one-dimensional C1 spline over a Fibonacci
tiling.

For all the new points, the weights of the original points defining their position
sum to 1. Consequently, the affine invariance is respected. An implementation of
this subdivision process is shown on Figure 14

Adviser : Cédric Gérot 20
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(a) LLL (b) SLSLSL (c) LSLLSLLSL

(d) SLLSLSLLSLSLLSL (e) LSLSLLSLLSLSLLSLLSLSLLSL

Figure 14: Successive subdivision of an initial control mesh, with all segments ini-
tially of length L, and therefore every point initially tagged LLL. As the initiali-
sation uses one single interval length, the limit spline is a uniform B-spline, which
will be built with a non-uniform basis. This shows that although the subdivision
process is not uniform, the shape of the curve only depends on the initialisation of
the interval lengths

3.3 Abstraction from basis functions with blossoming

The previous decomposition of the basis functions is very tedious, and does not
grant the existence of the decomposition when the degree of continuity increases.
Other tools are needed to generalise the process to any degree. Most of the other non
uniform subdivision schemes [5, 17, 31] rely on a tool developed by Ramshaw [29]
called blossoming, which has a very strong connection with knot insertion algorithms
[2, 3] designed to insert new knots in a B-spline curve while keeping the shape of
the curve.

3.3.1 Blossoming

The description of the blossoming process is mostly based on [16]. The blossom,
also known as the polar form of a polynomial P of degree n is the unique polynomial
p on n variables with the following properties:

• diagonal:
p(t, . . . , t) = p(t)

• symmetry:
p(. . . , ui, . . . , uj, . . .) = p(. . . , uj, . . . , ui, . . .)

• multiaffinity:

∀α ∈ [0, 1], p(αu11 + (1− α)u12), . . .) = αp(u11, . . .) + (1− α)p(u12, . . .)
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A degree n polynomial is therefore mapped to a polynomial with n variables, each
variable only appearing with degree 1. From the symmetry and multiaffinity, it is
almost straightforward to prove that the number of points necessary to define p is
the same as the number of points used to define P , which proves the uniqueness of
the blossom.

The connection with B-splines was made by Ramshaw [29]. As these curves are
only piecewise polynomial, each piece has its own blossom. He made the following
observations:

• The B-spline control points are given by the blossom evaluated at consecutive
knots:

vk = p(tk+1, . . . , tk+n), k = 0, . . . , n

• The blossom at a given point p(u1, . . . , un) can be computed recursively using
multiaffinity. This algorithm is highly similar to the de Boor algorithm [9]
used to compute the value of a spline at a given knot. A set of polynomials
{pik}nk,i=0 is recursively defined:

p0
k(u1, . . . , un) = p(tk+1, . . . , tk+n) k = 0, . . . , n

pi
k(u1, . . . , un) =

tk+n+1−i − ui

tk+n+1−i − tk
pi−1

k−1(u1, . . . , un) +
ui − tk

tk+n+1−i − tk
pi−1

k (u1, . . . , un)

The coefficients are chosen such that using multiaffinity each step replaces the
knot tk+n−i+1 by ui. Consequently,

pi
k(u1, . . . , un) = p(u1, . . . , ui, tk+1, . . . , tk+n−i)
pn

n(u1, . . . , un) = p(u1, . . . , un)

• If two polynomial pieces P and Q join at a parameter value u with continuity
Cc, they are related:

p(u, . . . , u, u1, . . . , uc) = q(u, . . . , u, u1, . . . , uc),∀(u1, . . . , uc) ∈ Rc (3.1)

This relation induces that the evaluation of the blossom to compute a control
point from a knot sequence can be done using the blossom of any curve segment
influenced by the control point, since the knot sequence of a control point vk is
(tk+1, . . . , tk+n). If Pk is defined as the polynomial piece of the curve between
knots tk and tk+1, the curve segments pk and pk+1 of degree n join at the
knot tk+1 with continuity n − 1. Consequently if a knot sequence contains
a single tk+1, the evaluation with pk and pk+1 is the same. Therefore, with
the knot sequence corresponding to vi the evaluations with pk, . . . , pk+n are
identical, and these blossoms are those of all the polynomial pieces of the
spline influenced by vk.

The algorithm is illustrated on Figure 15. To compute a point on a spline at a
parametric value t, the blossom of the polynomial piece containing t is used. From
this, a knot insertion algorithm can be defined, to insert a new knot in the curve,
and compute the new set of control points so that the curve remains identical.
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p(t1, t2, t3) p(t2, t3, t4) p(t3, t4, t5) p(t4, t5, t6)

p(u1, t2, t3) p(u1, t3, t4) p(u1, t4, t5)

p(u1, u2, t3) p(u1, u2, t4)

p(u1, u2, u3)

t4 − u1 u1 − t1 t5 − u1 u1 − t2 t6 − u1 u1 − t3

t4 − u2 u2 − t2 t5 − u2 u2 − t3

t4 − u3 u3 − t3

Figure 15: Computation of the blossom at any knot given the control points for a
cubic B-spline. The arrows are labelled with the unnormalized coefficients used for
multiaffinity

Let τk be a knot to be inserted between tk and tk+1, on a degree n spline. The
position of a control point vi is given by the relation vi = p(ti+1, . . . , ti+n). Therefore,
all the control points with i ∈ [k − n + 1, k − 1] have to move to adapt to the
insertion of τk. Let P be the polynomial piece between knots tk and tk+1. This piece
is subdivided in two pieces Q from tk to τk and R from τk to tk+1. As we want the
control points to move so that the curve stays the same, P , Q and R are identical,
and have the same blossom p. Since all the control points to be updated influence
P , the positions of the control points become:

vi = p(ti+1, . . . , tk, u, tk+1, . . . , ti+n−1)

The previous algorithm can therefore be used to compute the values of the blossom
at these points. This is the principle of Boehm’s knot insertion algorithm. A simple
subdivision scheme would be to insert new knots one by one. However, each knot
insertion requires computations. In the case of a subdivision scheme, the positions
of the new knots are determined by the algorithm, consequently, Boehm’s knot
insertion can be precomputed and used as a subdivision mask.

3.3.2 Subdivision on Fibonacci tilings with blossoming

A subdivision mask was previously given for C1 splines on a Fibonacci tiling, by
decomposition of the basis functions. The same mask can be found using blossoming,
as in Figure 16. In this case a control point is the evaluation of the blossom at two
consecutive knots, and the distance between the knots is known in advance from the
tags of the points.

This process gives a method to produce a subdivision mask for higher degrees of
continuity, since all the coefficients of the blossoming algorithm can be precomputed.
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t0t1: ?SL t1t2: SLS t2t3: LS?

t1u: LSL ut2: SLL

tag of the knot subdivision mask

t2 − u
t2 − t0

=
1

ϕ+ 1
= 2− ϕ

u− t0
t2 − t0

=
ϕ

ϕ+ 1
= ϕ− 1

t3 − u
t3 − t1

=
2

ϕ+ 1
= 4− 2ϕ

u− t1
t3 − t1

=
ϕ− 1
ϕ+ 1

= 2ϕ− 3

(a) Blossoming knot SLS

?SL LSL

2− ϕ
SLSLSL SLL

ϕ− 1

4− 2ϕ

LS?SLL

2ϕ− 3

(b) Corresponding subdivision mask

Figure 16: Determining a C1 subdivision mask on a Fibonacci tiling using blossom-
ing. The case of an SLS knot at t0 is given. The corresponding control point is
therefore Bp(t1, t2). In this case, a new knot is inserted in the L interval between t1
and t2 at position t1 + 1

ϕ
or t0 +ϕ or t2− 1 (used for simplification). To simplify the

diagram, the blossom is dropped to keep only the knots where it is evaluated.

This comes from the fact that the intervals between consecutive knots are known,
given the tag of a knot, and the exact positions of the new knots at each step are
known relatively to the existing knots bounding the interval they appear in, from
the grammar defining the subdivision process. However, the size of the subdivision
mask on a Fibonacci tiling is O(2d) where d is the degree of continuity desired. The
size can be decreased a little, since some basis functions have a support which is not
compatible with the Fibonacci. In this case, the points controlling the spline with
these basis functions disappear after a constant subdivision steps depending on d.
Still the amount of compulsory functions grows like the Fibonacci sequence, and is
still O(ϕd), and remains exponential.

3.4 Convergence of the scheme

Many papers simply state the convergence from the fact that the set of knots when
the subdivision step increases is dense and that the spline controlled stays invariant.
Still this is not enough. For example, a double mesh can be defined, where the two
components evolve separately to a different spline:
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M1 = Z
M2 = 1

3
+ Z

M =M1 ∪M2

The spline uses a halved version of the uniform B-splines basis function B:

S(t) =
1

2

∑
Pi∈M

PiB(t− ti)

The important point is that the spline is not a B-spline. If the subdivision is
done as usual for B-splines, separately on the two sub-meshes, the spline controlled
is invariant, and each sub-mesh converges to a different sub-spline. The problem
obviously comes from the fact that the two sub-meshes evolve separately. However,
even if this case is very special, it shows that the density of the limit knots is
not enough. In the case of B-splines, the proof is done using the fact that the
subdivision is done regularly, by bisection, and this is precisely something which
cannot be assumed in the case of the Fibonacci subdivision.

Proof. Let {Ps} be the polygonal line joining the control points after s subdivision
steps. The simple convergence limit S is defined as:

∀u ∈ R,∀ε > 0,∃s ∈ N, |Ps(u)− S(u)| < ε (3.2)

Let Pu be the polynomial piece of S containing S(u). We will start the proof by
showing that Ps for all s can be expressed as the evaluation of the blossom pu at a
particular point (us1, . . . , u

s
n). Then Equation 3.2 becomes

∀u ∈ R,∀ε > 0,∃s ∈ N, |pu(us1, . . . , usn)− pu(u, . . . , u)| < ε (3.3)

This result can be proved if we can control ‖ (us1, . . . , u
s
n) − (u, . . . , u) ‖1, using

the continuity of the blossom:

∀x ∈ R,∀ε > 0,∃η,∀y ∈ R, ‖ x− y ‖1< η ⇒ |pu(x)− pu(y)| < ε (3.4)

The control points at step s are {vsk}msk=0, and the corresponding knots are labelled
in the same way. Since the subdivision preserves the shape of S, when a polynomial
piece P is subdivided in P1, . . . , Pr, as previously mentioned, p = pi, i = 0, . . . , r.
Consequently, at any subdivision step, S(u) = pu(u, . . . , u).

At each subdivision step, we have

• ∃k, tsk ≤ u < tsk+1

• u = αtsk + (1− α)tsk+1, α ∈ [0, 1]

• Ps(u) = αvsk + (1− α)vsk+1
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To link Ps with the blossom, the relation between the control points and the
blossom is used. This is where we have to ensure that the blossom used to compute
Ps(u) is pu. Since vsk and vsk+1 influence S(u), they can be computed using the
blossom of the curve segment containing S(u) at subdivision step s, which is included
in the curve segment containing u initially. Therefore, the blossom of this curve
segment is pu, and finally vsk and vsk+1 can be computed using pu.

Ps(u) = αpu(t
s
k+1, . . . , t

s
k+n) + (1− α)pu(t

s
k+2, . . . , t

s
k+n+1)

= pu(αt
s
k+1 + (1− α)tsk+n+1, t

s
k+2, . . . , t

s
k+n)

To control D =‖ (αtsk+1 + (1−α)tsk+n+1, t
s
k+2, . . . , t

s
k+n)− (u, . . . , u) ‖1, we define

isl such that tsk+l = u+ isl , then:

D =

∣∣∣∣∣nu− αtsk+1 − (1− α)tsk+n+1 −
n∑
l=2

tsk+l

∣∣∣∣∣
=

∣∣∣∣∣nu− αu− (1− α)u− (n− 1)u− αis1 − (1− α)isn+1 −
n∑
l=2

isl

∣∣∣∣∣
= αis1 + (1− α)isn+1 +

n∑
l=2

isl α ∈ [0, 1]

≤
n+1∑
l=1

isl

In the Fibonacci tiling, |S| = |L|
ϕ

. At each subdivision step, the S intervals
become the L intervals. Therefore, if the original length of an L segment is one,
after s subdivision steps, |L| = 1

ϕs
, and since L is the longest interval, isl ≤ 1

ϕs

D ≤
n+1∑
l=1

l

ϕs

≤ (n+ 1)(n+ 2)

2ϕs

Since n is constant during the subdivision process, D tends to zero when s increases,
hence the result:

∀u ∈ R,∀ε > 0,∃s ∈ N, |Ps(u)− S(u)| < ε

This proves the convergence of the subdivision scheme to a smooth curve, which is
the spline controlled by the initial mesh. The main argument of this proof is that the
longest interval between two knots approaches 0 through subdivision. Consequently,
if the subdivision scheme is based on blossoming, and therefore creates a B-spline,
and if the set of knots created by the subdivision is dense in the parametric space,
this proof also works.
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4 L-systems for subdivision

Most of the previous results on the Fibonacci grammar stay valid for other gram-
mars. The knot insertion algorithm works anyway, and the grammar defines the
subdivision mask. If the distance between consecutive knots converges to zero, the
convergence proof applies. This means that if the limit set of control points is
dense, and if the scheme subdivides non uniform B-splines, it converges. Therefore,
we propose a general formalism to describe these subdivision schemes, based on
L-systems.

4.1 Description of the subdivision process with an L-system

An L-system (Lindenmayer system) is a special kind of rewriting system where the
rules are applied in parallel. These particular objects were mostly used to describe
the growth of plants and other organisms. Formally, they are defined as a tuple
G = (Σ,Π, α), where

• Σ is the alphabet of the system

• Π is the set of rewriting rules

• α is the initial configuration (axiom)

Each rewriting rule π : Σ∗ 7→ Σ∗ maps a string s ∈ Σ∗ to a string s′ ∈ Σ∗.
The difference with usual formal grammars lies in the fact that the rules are not
applied sequentially rewriting one symbol at a time, but in parallel, rewriting as
many symbols as possible. Therefore, L-systems are a subset of formal grammars.
Most of the time, the rules are context-free, and the rules are defined on Σ only
and map single symbols to strings. The word context comes from the fact that the
neighbourhood of a symbol has no influence on the rewriting.

The notion of subdivision has already been linked with L-systems, in [28, 37].
The approach maps a vertex to a symbol, and its neighbourhood to its context.
Prusinkiewicz, addressed the one-dimensional case easily, since the sequence of knots
defines a word. A parametric L-system is then defined to described the subdivision
process. The parametre contains the control point corresponding to the symbol, and
the subdivision mask is used to compute the new parametres. The symbols < and
> are used in the subdivision rules to define the symbol rewritten by the rule. For
instance, for Chaikin’s subdivision the L-system is:

Σ = {P}

Π =

{
P (vk) < P (vk+1) > P (vk+2) 7→ P (

1

4
vk +

3

4
vk+1)P (

3

4
vk+1 +

1

4
vk+2)

}
α = Control mesh
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In [37], Velho extends this principle in the two-dimensional case, replacing the
notion of words by meshes with a half-edge structure. However, in our case, since B-
splines are the curves subdivided, blossoming can be used to compute the subdivision
mask only from the position of the inserted knots. A simpler context-free L-system
can therefore be defined, using the intervals between the knots as its alphabet. This
is what was implicitly done in the previous section. Since only the relative lengths
of the intervals are used, each symbol corresponds to a length, and all the lengths
are given up to a constant ratio. From one step to the other, the rewriting process
uses the same alphabet, consequently, there exists a single ratio mapping all the
lengths of the intervals from one step to the next one. The Fibonacci subdivision
used previously corresponds naturally to the L-system

Σ = {S, L}

Π = {S 7→ L,L 7→ SL}

This L-system cannot be directly translated into Prusinkiewicz’s formalism, since
he implicitly uses the fact that all the knots are equally spaced, and the context in his
production rules does not mention the intervals between the knots. To address this
problem, the alphabet has to be enhanced so that the symbols corresponding to the
control points encode the sequences of intervals surrounding the point. Therefore,
new production rules are also to be defined to handle all the new configurations
appearing in the contexts of the control points. However, as the knot configuration
is included in the symbol of the control point, a single production rule is needed per
symbol, since the symbols of the context are not used.

4.2 Constraints on L-systems describing subdivisions

As lengths are given to the symbols, and since the subdivision step has to respect
a given ratio, the subdivision rules , the lengths and the ratio are not independent.
Some conditions on this dependence can be given. At first, if an L-system is valid,
a set of valid L-systems can be derived from this one simply by changing the order
of the symbols on the right side of the production rules. Even if the L-systems are
different, and therefore the sequence of meshes, the order of the symbols on the right
of the production rules will not be taken into account to determine the following
constraints.

For a production rule Ai 7→ Ai,1 · · ·Ai,k, with a ratio r the necessary constraint is:

r|Ai| =
k∑
j=1

|Ai,j|

Another way to represent the subdivision rules is by using a square matrix S =
(si,j)n×n. si,j represents the number of symbols Aj in the subdivision of Ai. This is
where the order of the symbols is not taken into account. For instance the matrix
of the Fibonacci subdivision would be:
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(
0 1
1 1

)
This representation enables to express the constraint as a matrix-vector prod-

uct. If Mn×n is the matrix representing the subdivision rules, and A is the vector
(|A1|, . . . , |An|)T , the condition becomes

MA = rA

Consequently, given the matrix representing the subdivision rules, the ratio and
the lengths of the intervals can be derived from an eigenanalysis of this matrix.
However, any eigenvector is not valid. Indeed, as it represents lengths, all the
components of the vector need to have the same sign. Moreover, the ratio has to be
positive, and greater than 1. In the previous example, the only positive eigenvalue
of the matrix is ϕ, and the associated eigenvector is (ϕ, 1)T . This small condition
enables the easy creation of new subdivision schemes, using other methods than the
usual bisection.

4.3 Some particular subdivision schemes

4.3.1 Delaying scheme

The subdivision of a segment can be delayed at will with an L-system using as
many symbols as the maximum number of subdivision steps delayed, plus those
of the subdivision L-system used when the subdivision starts. For instance, if the
bisection is used, the usual grammar uses a single symbol A1 and a single subdivision
rule A1 7→ A1A1. To delay this subdivision k steps, additional symbols {A2, . . . , Ak}
are used, with the rules (Ai 7→ Ai−1)i=2···k. The associated matrix is therefore

2 0 0

1 0 0

0

0 0 1 0


Original subdivision grammar

New symbols to delay the subdivision

The only eigenvalues of such a matrix are those of the original L-system and define
the ratio r. If the L-system uses symbols {A1, . . . , Ak}, the lengths of the intervals

are those of the original L-system, and the lengths of any new symbol Ak+i is |Ak|
ri

.
At the initialisation, assigning symbol Ak+i delays the subdivision of the interval i
steps.

4.3.2 Low growth scheme

An interesting feature would be to find a system respecting a given ratio. The
following process builds an L-system growing as slowly as desired. The process is
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almost similar to the previous one, using a delaying scheme, but when the subdivision
occurs, the new intervals are sent back in the delay queue. The matrix of the scheme
is 

0 0 2

1 0 0

0

0 0 1 0


The associated lengths verify the equations

r|A1| = 2|An|
r|Ai| = |Ai−1| i = 2, . . . , n

The associated ratio is consequently solution of the equation Xn − 2 = 0 which
also defines the eigenvalues of the matrix. With the ratio, if one symbol is given
length 1, all the other lengths are defined. By increasing n, the ratio can be set as
close to 1 as desired. However, this scheme is not very nice, since all the segments
obtained after the subdivision subdivide at the same time, and a kind of synchroni-
sation occurs. To avoid this synchronisation, the two new segments can be assigned
different symbols in the delay queue. It can be assumed that one of them becomes
An since otherwise, if i is the greatest index of the symbols of the subdivided one,
the number of symbols can be reduced by suppressing the delay queue of all the
symbols Ak with k > i.

The matrix of such a scheme becomes:


0 1 0 1

1 0 0

0

0 0 1 0



k1

The characteristic polynomial is PC(X) = Xn−Xn−k1 − 1. Finding roots is not
obvious, however, it is possible to bound them. The derivative is Xn−k1−1(nXk1 −
(n− k1)). To study the positive roots of PC , the positive roots of the derivative are
the only useful ones, and there is thankfully only one:

X0 =

(
n− k1

n

) 1
k1

Notice that this root is always smaller than 1. The characteristic polynomial
increases from X0 and consequently decreases between 0 and X0. Since PC(0) =
PC(1) = −1 the only positive root of PC is greater than one. Moreover, since X0 < 1,
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PC increases at 1. The equation of the tangent line at 1 is k1X − k1 − 1. Since the
curve of PC stays above its tangent in [X0,+∞], PC ≥ 0 when this line crosses the
x axis, at the point

X1 =
k1 − 1

k1

This gives an upper bound for the positive root of PC , and when k1 increases,
this bound approaches 1. By making k1 increase when n increases, and since the
root is greater than 1, it becomes possible to have a scheme with a ratio as close to
1 desired, avoiding the synchronised subdivision of the intervals.

4.4 Size of the precomputed data

A measure of the size of the subdivision scheme can be the size of the sets of
symbols and rules, in the associated Prusinkiewicz L-system. To achieve a continuity
Ck, the basis functions are defined on sequences of k + 1 intervals. Consequently,
nk+1 symbols are needed, and as many rules, where n is the number of symbols used
in our L-system. However the set of sequences could be reduced, since the rules
prevent some configurations from appearing. The only way such configurations
could appear through with the initialisation of the intervals of the original control
mesh. For instance, in the Fibonacci subdivision, the sequences SS and LLL only
come from the initialisation, and cannot appear from a sequence without them. Still,
determining automatically the useful intervals is not a simple problem.

The L-system used to define the subdivision defines a language corresponding to
all the meshes obtained using the production rules from the initial control mesh. The
necessary sequences are all the substrings of length k + 1 of words of this language.
Defining the substrings of a context-free language is a linear problem. However,
even if the L-system is context-free, the resulting language is not. A simple example
is the following:

Σ = {A0, A1, A2}
Π = {A0 7→ A0A0, A1 7→ A1A1, A2 7→ A2A2}

From the initial configuration A0A1A2, the corresponding language is the set of
words {

A2i

0 A
2i

1 A
2i

2 , i ∈ N∗
}

Using Ogden’s lemma, this language is not context-free. However, in this case,
the set of substrings of length k can be easily determined.

This question would be worth studying. L-systems have mainly been used for the
procedural generation of plants, but not a lot in language theory so far. A solution
could also be to use a dynamic mask, and to compute the rules only when they are
needed.
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Now that we have shown that a subdivision scheme can be created on a Fibonacci
tiling, and more generally on any L-system one dimensional subdivision, a subdivi-
sion scheme on a Penrose tiling seems more achievable.

5 An attempt to build box splines on the Penrose

tiling

The easiest method to generalise a one dimensional spline in the two dimensional
case is using a tensor product. From a 1D basis function B : R 7→ R, the 2D basis
function B′ : R2 7→ R is defined as B2(u, v) = B1(u)B1(v). This easily creates spline
basis functions on a uv parametrised plane. However, to build a spline from arbitrary
control polyhedra, this is not enough, since only those topologically equivalent to
the plane can have a global uv parametrisation. Handling extraordinary vertices
was the breakthrough of the first subdivision schemes [6, 11, 12].

These methods produced splines on quadrilateral meshes, however, to handle tri-
angular meshes properly, without considering all the vertices as extraordinary ones,
this was not enough. This is the reason why Loop [22] used box spline basis func-
tions, in order to construct a new subdivision scheme on triangles, while generalising
the previous method, since tensor product b-splines are a subset of box splines.

5.1 Understanding box splines

5.1.1 Basics

Most of the following explanations are based on [15]. In the one dimensional case,
the construction of box splines is based on repeated convolutions of the step function
to create a piecewise polynomial basis function. The convolution is defined as:

f ? g(x) =

∫ ∞
−∞

f(t)g(x− t)dt

As previously, the spline is:

S(t) =
m∑
i=0

B(t− tk)vk

where B is the box spline, whose degree depends on the desired continuity. From
now, the smoothness degree of the box spline indexes

Initially, as in the b-spline construction, the basis function is the step function:

B0(x) =

{
1 if 0 ≤ x < 1,

0 otherwise
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The resulting curve is not even continuous, since depending on the value of x, one
single knot ti is such that B0(x− ti) 6= 0 and S maps x to the corresponding control
point vi. A convolution results in a piecewise linear basis function, and its support
gets expanded. Each point of the curve then depends on two control points and
the resulting curve is a polygonal line. More generally, the convolution expands the
support of the basis function one step, increments the degree of the polynomials and
adds a degree of continuity You can see this on Figure 17. This process generates
inductively the basis function of degree n:

Bn = Bn−1 ? B0
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(a) linear basis function

degree 1 B-spline
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(b) linear b-spline curve
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(d) quadratic b-spline curve

Figure 17: B-spline basis functions, with resulting curves

As far as box splines are concerned, the process is nearly the same, but the
convolution is generalized. The one used is not the 2D convolution, but a directional
convolution. As an input, a box spline uses a set of directions, which will then be
used to guide the convolution. To create a spline in Rs, k directions are used with
k > s, namely (v1, · · · , vk), and the first s directions are linearly independent. The
induction is then similar to the previous one. We first define the step function with
the first s directions:

Bs(x) =


1

det(v1, · · · , vs)
if x ∈ [v1, · · · , vs][0, 1)s

0 else
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 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0
 0.5

 1
 1.5

 2
 2.5

 3  0
 0.5

 1
 1.5

 2
 2.5

 3

 0

 0.1

 0.2

 0.3

 0.4

 0.5

(e) convolution along(0, 1)t

Figure 18: Construction of the tensor product quadratic b-spline by successive di-
rectional convolutions along the two principal directions

Each direction is then used to guide another convolution:

Bκ(x) =

∫ 1

0

Bκ−1(x− tvκ)dt, with κ > s

As previously mentioned, the Catmull-Clark subdivision scheme can be expressed
in terms of a box spline. Indeed, the process yields a generalization of tensor product
uniform cubic b-splines on any control polyhedron. Basically, this spline is built by
taking a regular square parametrisation, and using cubic b-spline in each parameter
direction. To extend this on faces, a tensor product is used. In terms of basis
functions, the one used is:

B(x, y) = B3(x)B3(y)

The cubic b-spline basis function is generated by using three convolutions. In the
tensor product cubic b-spline, we therefore have three convolutions in each parameter
direction. In terms of box splines, we have two basic directions, namely (1, 0)t and
(0, 1)t, and we use three convolutions along each of these directions. Consequently
the set of original directions is:[(

1
0

)
,

(
0
1

)
,

(
1
0

)
,

(
0
1

)
,

(
1
0

)
,

(
0
1

)
,

(
1
0

)
,

(
0
1

)]
An illustration of the process is given in Figure 18. The great advantage of this

method is that the tensor product is not used explicitly, and therefore spline surfaces
can be built on triangular meshes as well. The Loop subdivision scheme [22] is based
on this principle, and was one of the first schemes on triangular meshes.
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5.1.2 Geometric interpretation

volk−sβk(1.25, 1.15)

Bk(1.25, 1.15)

x

y

projection

Figure 19: Construction of a box spline by projection of a box βk from R3 to R2.
The scheme corresponding to this basis function is triangular, and an additional
shier is to be applied in order to have a regular triangular grid

The previous analytic definition of box splines also has a geometric interpretation,
depicted on Figure 19 as the shadow of a box. Given our initial set of directions
v1, · · · , vk, let π : Rk 7→ Rs be the orthogonal projection of the canonical basis
(t1, · · · , tk) in Rk on that of Rs. A box can now be defined as a parallelepiped βk
in Rk formed from vectors (u1, · · ·uk) such that ∀i, π(ui) = vi and they are linearly
independent. This is always possible since the first s directions chosen in Rs are
linearly independent, and by extending them in Rk they stay so, and the orthogonal
of the projection is of dimension k − s, so for each other direction, we can add a
vector of a basis of the orthogonal to the extension of the direction from Rs to Rk.
The basis function of the box spline can now be geometrically defined from this
projection:

Bk(x) =
volk−sβk(x)

volkβk

where βk(x) stands for {p ∈ βk, π(p) = x} and volκ is the volume in Rκ.

For instance, let us look at the case of a box spline with directions[(
1
0

)
,

(
0
1

)
,

(
1
1

)]
The box can be defined as the parallelepiped created by the directions1

0
0

 ,

0
1
0

 ,

1
1
1
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In this case, the orthogonal of the projection is one dimensional, so the value of
the basis function at a point x is the length of the segment of the box projecting on
this point, weighted by the volume of the box, which is 1. This example is the one
depicted on Figure 19

5.1.3 Subdivision of a box spline

The subdivision process can be easily described with the geometric formalism.
Indeed, each regular point of the control mesh is given a box projecting on its basis
function. To have a series of meshes all controlling the same spline, the box is simply
subdivided in smaller boxes, and new points are put where these small boxes project.
To illustrate this process, let’s use the one-dimensional quadratic b-spline. The set
of directions is [(1), (1), (1)], which can be generated by a box using directions1

0
0

 ,

1
1
1

 ,

 1
1
−1


The natural subdivision of the box leads to 8 smaller boxes, which project on four

different points. In this case, the points are not kept from one step to the next one.
This kind of schemes are sometimes referred as a dual schemes. This is shown on
Figure 20, with the decomposition of the basis function as well.

Figure 20: Subdivision of a box used to
create the basis function of a quadratic
b-spline. The smaller boxes are will-
ingly smaller than they should in order to
see them. When the neighbouring func-
tions are considered, each point receives
4 smaller boxes. The subdivision mask is
therefore [1, 3, 3, 1]

The subdivision induced by the subdivision of the box can finally be expressed in
terms of a subdivision mask. The influence of an existing point in the creation of a
new point is simply its participation in the new basis function put on the new point.

Adviser : Cédric Gérot 36
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For quadratic b splines, each point receives four boxes, and an existing point gives
either three or one of them. The subdivision mask is then

[
1
4
, 3

4
, 3

4
, 1

4

]
. A series of

control meshes is therefore created, corresponding to Chaikin’s algorithm [7] with
the property that the spline generated stays the same. Figure 21 shows this process.

(a) Original control mesh (b) Subdivision step 1

(c) Subdivision step 2 (d) Subdivision step 3

Figure 21: A series of control meshes on a quadratic b-spline. As shown by the color
of the curve, it is also subdivided while keeping the same shape

The interesting point with this process is that we not only have a subdivision
scheme, its convergence to a limit surface directly comes from the fact that the
series of control meshes all control the same spline which is the limit surface. This
also gives results on the continuity of the limit surface, which is that of the spline.

5.1.4 Generation of subdivision masks

A general and convenient way of creating subdivision schemes based on box splines
can be derived from this. The method is just a trick to compute easily the amount
of small boxes projected on each point. The idea is to build the box one direction
at a time. Each direction added translates the current box along it and therefore
adds a layer of boxes. For instance, if we use the directions [→, ↑,↗,↖] the steps
of the construction of the subdivision mask will be:
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Training period at the Gipsa lab, Grenoble Vincent Nivoliers

∅ [→] [→, ↑] [→, ↑,↗] [→, ↑,↗,↖]

1 1 1
1 1
1 1

1 1
1 2 1
1 1

1 1
1 2 2 1
1 2 2 1

1 1

The mask produced indicates how the basis function subdivides on the mesh, and
defines a subdivision scheme. In the previous example, if the mask is put on the
mesh, we get

1 1
1 2 2 1
1 2 2 1

1 1

Once again, the control points are not kept.

5.2 The idea of a box spline on a Penrose tiling

5.2.1 Link between a Penrose tiling and R5

The link between a box spline and a Penrose tiling lies in the projection of a
box defined in a higher dimensional space. In [4], various methods are described
to obtain such a tiling, and one of them comes from an orthogonal projection of
boxes in R5. The principle is to cut the regular grid in R5 by a certain plane, and
project the centers of the cubes intersected by the plane orthogonally on it. This
method is also mentioned in [36] which describes how to get aperiodic tilings of the
plane for quasi crystallography. One of their interests is that the diffraction pattern
of a crystal based on a Penrose tiling shows 5-fold rotational symmetry, which is
impossible with any regular crystal.

It is easy to see that any point of a Penrose tiling can be linked to a point with
integer coordinates in R5, which orthogonally projects on it. To do so, a set of 5
directions is taken as the projection of the canonical basis. Then each point can be
seen as a linear combination of these directions, with integer weights. This is done
on Figure 22. As a Penrose tiling is aperiodic, its set of points cannot be all the
points of the regular R5 grid projected on the plane, and is therefore only a subset
of it.

5.2.2 Density of the projection of Z5

To create a subdivision scheme on a Penrose tiling, our idea was that we could
add the points of the projection of R5 missing as phantom points, and define a box
spline with the natural subdivision of the grid. Our hope was then to be able to
guess a subdivision scheme only involving the points of the Penrose tiling. This is
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(0, 0, 0, 0, 0)

(1, 1, 0, 0, 1)

(−1, 0, 1, 1, 1)

(0, 1, 1, 0,−1)

e1

e2

e3

e5
e4

Figure 22: An exam-
ple of how to attribute
an integer coordinate
in R5 to each vertex.
Notice that such a co-
ordinate system is not
unique. The origin can
obviously be any point

where the first problem appears. Indeed, the projection used grants 5-fold rotational
symmetry, and a famous crystallography theorem known as the restriction theorem
states that any regular tiling of the plane can only have 2-fold, 3-fold, 4-fold and 6-
fold rotational symmetries. This is probably the reason why regular crystals cannot
have different symmetries in their diffraction pattern. The consequence in this case
is that the set of points created by projecting Z5 on the plane is dense in R2, which
means that for any point in R2, any neighbourhood of this point contains a point
projected from Z5.

Proof. The basic argument is that as we project a regular grid, every point is similar,
and therefore has the same neighbourhood of other projected points. Let ζk be the

vector in the plane corresponding to e
2ıkπ

5 , and ϕ be the golden ration 1+
√

5
2

. Let π
be the projection used to project Z5 on the plane. π projects orthogonally on the
plane defined by the vectors

(1, cos(
2π

5
), cos(

4π

5
), cos(

6π

5
), cos(

8π

5
))t, (0, sin(

2π

5
), sin(

4π

5
), sin(

6π

5
), sin(

8π

5
))t

The matrix representing π computes the dot products, and therefore has two lines
containing these two vectors. It is easy to see that π projects the canonical basis of
R5 on (ζ0, · · · , ζ4) in the plane. The points of the projection of Z5 are therefore all
the points which are integer linear combinations of these vectors. Now if we focus
on the set of points on the line directed by ζ0, we have all the points Zζ0. Moreover
ζ1 + ζ4 = ϕζ0. Consequently, since all the points have similar neighbourhoods we
have

(Z + ϕZ)ζ0 ∈ π(Z5)

An interesting property of ϕ is that 1
ϕ

= ϕ− 1, and consequently we have

∀k ∈ Z, ϕk ∈ Z + ϕZ
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This means that we can have intervals between points as small as we want,
since ϕk decreases to 0 when k decreases. From this it is easy to prove that any
neighbourhood of a point on the line contains a point of π(Z5), from the origin by
adding iteratively the greatest ϕk possible.

To generalize this result, we can do the same thing on the line directed by ζ1.
Since ζ0 and ζ1 form a basis of our plane, any point of the plane has coordinates
corresponding to offsets from the origin along the two lines. It is therefore possible
to have a point in π(Z5) approaching this point, by approaching its coordinates.

This property in this case means that the set of phantom points is infinite in
any open region of the plane, especially bounded regions. Consequently, a finite set
of phantom points cannot be defined to build the box spline. This yields a more
general problem, about necessary hypothesis to build a box spline basis function.
Indeed, no conditions were given in the previous definition on the directions, and it
is actually true that we can build a basis function with any set of directions. The
problem appears when it comes to build a control meshM for such a basis function
such that the basis functions form a partition of unity:

It is often assumed that the directions used to create a box spline have integer
coordinates. This simplifies greatly the problem, since with this condition, it can
be proved that using Z2 as a control mesh yields a partition of unity. However this
only enables the creation of splines over regular lattices, with squares or triangles,
and this is precisely where the problem lies, since a Penrose tiling is only a quasi
lattice.

5.2.3 Basis function and partition of unity

The partition of unity can still be easily obtained by a normalisation process.
The resulting spline is no longer piecewise polynomial, and become rational. The
subdivision process of the basis functions is done so that the non normalised spline
created stays the same. Consequently, the normalisation term is independent of the
subdivision step.

To test this, we used the geometric formulation of box splines to compute explicitly
the basis function, to be able to compute the normalising term everywhere. As the
only constraint on the directions in R5 is that the canonical projection on R2 maps
them to (ζi)

5
i=1, we could choose these directions such that the set of points in R5

projecting on a particular (u, v) point in R2 can be easily defined. This is done
using the work of de Bruijn [4] and the link he made between a Penrose tiling and
a projected grid of R5. An orthogonal projection is defined, mapping the canonical
basis of R5 (ti)

5
i=1 to (ζi)

5
i=1 with:
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ν1 =
(
1, cos 2π

5
, . . . , cos 8π

5

)
ν2 =

(
0, sin 2π

5
, . . . , sin 8π

5

)
ν3 = (1, 1, . . . , 1)
ν4 =

(
1, cos 4π

5
, . . . , cos 16π

5

)
ν5 =

(
0, sin 4π

5
, . . . , sin 16π

5

)
plane basis

orthogonal basis

The image of the vectors of (ti)
5
i=1 mapped in the basis (νi)

5
i=1 is therefore a

valid set of directions (ui)
5
i=1 to build the box spline basis function. Moreover, the

interesting feature of this basis is that the vectors (νi)
4
i=0 are pairwise orthogonal,

and therefore the inverse transformation to get back to the canonical basis can easily
be done, which eases the computation of the value of the basis function. If Mν

t is the
matrix corresponding to the transformation from the t basis to the ν basis, then:

Mν
t = (ν1, . . . , ν5)

T

M t
ν = (Mν

t )−1 = (Mν
t )T Diag(‖ ν1 ‖−1, . . . , ‖ ν5 ‖−1)

Given a point (u, v) ∈ R2, its inverse image by the canonical orthogonal projection
π on R2 is the set of points (u, v, x, y, z) ∈ R5. To restrict this set to the points
belonging to the box defined by the directions (ui)

5
i=1, which are in fact the columns

of Mν
t , a point p in the ν basis is converted to the point p̃ in the t basis with M t

ν .
The test becomes easy, since the box in the t basis is the unit cube. Therefore the
inverse image of (u, v) restricted to the box is the set of points (u, v, x, y, z) such
that M t

ν(u, v, x, y, z)T is in the unit cube. Since (u, v) are fixed, this constraint on
(x, y, z) can be seen as a set of 10 planes bounding a polyhedron, whose interior is
the set of solutions. The volume of this polyhedron is the solution. Some examples
of these polyhedra are shown on Figure 23.

(a) (0, 0) (b) (0.1, 0) (c) (0.3, 0.2)

Figure 23: Polyhedra bounding the inverse image of a point of the plane

Based on this principle, the basis function of our box spline can be computed at
any point. As it is also piecewise polynomial, an other method would have been to
compute all the equations of the polynomial pieces. This basis function is C3, and
shows 5-fold rotational symmetry. A plot was generated on Figure 24

Using a Penrose tiling with this basis function doesn’t create a partition of unity
as shown on Figure 25. However, as previously mentioned, the normalisation should
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Figure 24: 5-fold sym-
metry basis function

be possible. A detail worth noticing is that the basis functions sum to 1 at some
special points, which are in fact those with a neighbourhood of other points similar
to the points of the projection of a 5D hypercube. The next necessary step is the
subdivision of the normalised basis function.

Figure 25: Sum of
the 5-directional basis
function over a por-
tion of a Penrose tiling.
Their are a few ar-
tifacts due to float-
ing point imprecision,
since little care was
taken to avoid these
problems. However the
isolines on the floor
show a pattern corre-
sponding to the points
of a Penrose tiling.

To subdivide the basis function, the simple method to generate box spline masks
is used, except that the directions are not with integer coordinates. The result is
shown on Figure 26. Except at the center, all the smaller cubes project at different
locations. Moreover, the new knots appearing are not part of the Penrose tiling.
Worse, to compute the position of the control points associated with these knots,
other knots are needed, which are not in a Penrose tiling. Consequently, this sub-
division is not possible, since we cannot replace the new control points so that we
obtain the same spline.

5.2.4 Summary, and perspectives of this approach

The previous results show that it is not possible to adapt directly a box spline
on a Penrose tiling, because it is not a regular lattice. The projection of Z5 is
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Figure 26: Subdivision mask
of a 5-directional box spline

with directions e
2ikπ
K , k =

0, . . . , 4. It shows the subdi-
vision of the 5D hypercube by
bisection in 25 = 32 smaller
hypercubes. The numbers
correspond to the number of
smaller hypercubes whose cen-
ter project at their position.

dense in R2, therefore it cannot be used to form a partition of unity with the 5-
directional box spline basis function, and a Penrose tiling cannot be used, even with
a renormalisation, using bisection to subdivide the basis function, since the new
control points require non existing former control points to be positioned.

From this, a plausible approach would be to try to subdivide the basis function
by other means than bisection. This was done by Velho and Zorin in [38]. They
use a box spline basis function, but the decomposition used is found using a Fourier
transform, and they manage to have a scheme reproducing the spline, with a slower
growth than what bisection would have done. Still, their approach is also based on
a regular tiling, the difference is that from one subdivision step to the next, their
lattice is rotated. Even in the one dimensional case, box splines do not generalise
to the non uniform case, therefore, the perspectives of box splines seem limited.
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6 Conclusion and perspectives

During this training period, we developed a new variety of subdivision schemes
described by an L-system, and exhibited a proof of convergence of these schemes
based on blossoming. We are still looking for concrete applications for these schemes.
Among ideas, it might be possible to build a sampling procedure based on low
discrepancy sequences, with an L-system based subdivision scheme, which could be
used for compression purposes.

The problem of the construction of a subdivision scheme based on the subdivision
of a Penrose tiling is not yet addressed. All the straightforward methods have been
tried and eliminated. Still, the situation is not a dead end, and many ideas have yet
to be tried.

A theoretical approach would be to try and generalise the blossom to the two
dimensional case. Seidel [32] introduced this idea on B-splines and Bézier triangles,
however, the link between the control points and the evaluation of the blossom is
not given, and the set of values used to compute the blossom at any point has no
concrete link with the control mesh.

From the work done on the Fibonacci tiling, an other idea would be to build
a subdivision scheme on the Ammann pentagrid. Since there exists a kind of dual
relation between this grid and a Penrose tiling, it could be possible to derive a sub-
division scheme for the Penrose tiling based on that of the Ammann grid. However,
this approach would not generalise to other irregular tilings.

This study raises the problem of a new class of non uniform schemes, where the
subdivision itself is non uniform. Up to now, even if knots are non uniformly spread,
the subdivision always subdivides all the faces and edges of the mesh in the same
way. With very easy subdivision rules, the Penrose tiling redefines the notion of non
uniform subdivision.
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