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Abstract

In the framework of a study of the liquid-gas transition in nuclear matter, which main
purpose was to investigate the impact of different Skyrme interactions on density, tem-
perature and pressure at the critical point, we were faced with the calculation of the
Virial coefficients. In this report, we provide relations, sum rules, analytical formulas and
numerical values for such coefficients.
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1 Introduction

Using the finite-temperature Hartree-Fock theory, as presented by Fetter and Walecka [1], it
is possible to derive an equation of state for a Fermi gas of nucleons interacting through the
Skyrme [2] force. Details of the calculation are provided in an appendix of Ref. [3], but the
resulting equation is quite simple:
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where Pg4(m*) is the pressure of a Fermi ideal gas made of particles with mass m* at the
temperature 7. It can be obtained wvia the Virial expansion:
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where B,, are the so-called Virial coefficients. One has
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g being the spin-isospin degeneracy factor and
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the thermal de Broglie wavelength. The f5/5(2) Fermi function reads
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and can be expanded as
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The density of the Fermi ideal gas reads
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satisfying the expansion
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Combining Egs. (2) and (3), one gets
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2 Direct “brute force” calculation

Equation (10) is equivalent to
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and thus
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Identification of the powers of z yields the Virial B,, coefficients.
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For n = 4:
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3 Analytical formula

Setting, keeping Kilpatrick’s notation

we have the relation

and therefore

k
1 oo [e.e] ]
Pn = 2£7m ]{ o+l ;Bk’ ;pjzjl dz
yielding
Pn = nZz‘BZZH%

i=1 {rs} s=1 %
with .

Z Ty =1

s=1
and

For instance, in the case n = 3, one has
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In order to express the By, coefficients in terms of the p;, let us write
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Integrating over p after multiplication by p~"! yields
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one gets
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Thus, B, is the coefficient of 2™ in the expansion of
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and B, is the coeflicient of z" in the expansion of
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Expanding the different terms, one gets
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As shown by Kilpatrick [4,5], one can set k, = r, for s > 2, k) = 04, k) = 04, and ks =
k. + k7 4+ K. One has subsequently
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Concerning the factor in py, the largest possible value of ¢ is n — 1, since no larger integer can
divide n — 1 + ¢ into ¢ parts, each one having size larger or equal than 2. For that reason,
Kilpatrick suggested to write p2"~2 in the denominator and the remaining term in the form p’fl.
This defines k;, and therefore k}. One gets
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Kilpatrick pointed out at the end of its paper that B, is in fact the coefficient of 2?" in the

expansion of
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Such a property can probably be useful in order to find the expression of B, using Faa di
Bruno and multinomial coefficients. Replacing p; by its value (20) in our specific case, one gets
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For instance, the first five coefficients are
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is G(n + 2) where G(z) represents the Barnes G function

4 Sum rules

Equation (23) becomes
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Equation (43) constitutes a sum rule which can be useful to check numerical calculations of the
B,, coefficients. It can also be used to express B,, in terms of the B;, i <n — 1 as:
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5 Conclusion

In this document, we proposed a discussion about the coefficients of the Virial expansion. We
followed the general derivation of Kilpatrick to obtain analytical expressions for the Fermi ideal
gas. It is worth mentioning that Wilson and Rogers presented relations in the cluster expansion
theory of non-ideal gases using the formalism of umbral calculus [6].

References

[1] A. L. Fetter and J. D. Walecka, Quantum Theory of Many Particle Systems (McGraw-Hill,
New York, 1971).

[2] R. K. Su, S. D. Yang and T. T. S. Kuo, Liquid-gas and superconducting phase transitions of
nuclear matter calculated with real time Green’s function methods and Skyrme interactions,
Phys. Rev. C 35, 1539-1550 (1987).

[3] H. Jaqgaman, A. Z. Mekjian and L. Zamick, Nuclear condensation, Phys. Rev. C 27, 2782-
2791 (1983).

[4] J. E. Kilpatrick, A Quantum-Mechanical Treatment of Virial Coefficients, J. Chem. Phys.
21, 274-278 (1953).

[5] W. E. Putnam, J. E. Kilpatrick, The General Relation between the Density Virial Coeffi-
cients and the Pressure Virial Coefficients, J. Chem. Phys. 21, 951 (1953).

[6] B. G. Wilson and F. Rogers, Umbral calculus and the theory of multispecies non-ideal gases,
Phys. A: Stat. Mech. Appl. 139, 359-386 (1986).



